We investigate the low energy continuum limit theory for electrons in a graphene sheet under strain. We use the quantum field theory in curved spaces to analyze the effect of the system deformations into an effective gauge field. We study both in-plane and out-of-plane deformations and obtain a closed expression for the effective gauge field due to arbitrary nonuniform sheet deformations. The obtained results reveal a remarkable relation between the local-pseudo magnetic field and the Riemann curvature, so far overlooked.
I. INTRODUCTION
One of the most active research topics in graphene, as well as in other 2D materials, is the study of the interplay between their electronic and mechanical properties [1] [2] [3] [4] [5] . Among the most remarkable results the possibility of using strain to generate large effective magnetic fields, with considerable effects on the electronic dynamics, has attracted a lot of attention [6] [7] [8] . These results triggered several interesting strain engineering proposals, such as the use of strain for quantum electronic pumping 9, 10 , generation of pure bulk valley currents 11 , and for confining electrons 12, 13 , to name a few. There are two main theoretical approaches that cast strain/deformation induced modifications in the electronic properties of graphene monolayers in terms of effective gauge fields. The most standard one [14] [15] [16] [17] [18] [19] is based on the low-energy continuum limit of a tight-binding model that accounts for the displacements of the carbon atoms in a strained graphene sheet. This approach has been successful in explaining the local density of states inferred by scanning probe spectroscopy experiments in graphene nanobubbles 20, 21 . In contrast, to be consistent with transport experiments 23, 24 , the pseudomagnetic fields have to be renormalized 14, 22 . Recent studies have further developed the theory showing the modifications in the effective theory due to the nonBravais nature of the graphene primitive unit cell 22 and the effects of deformations in the structure of the reciprocal space 25 . The second approach is based on the quantum field theory in curved spaces 26, 27 . It starts with the low-energy effective Dirac equation for graphene 28 and, by considering a curved space metric, obtains geometry-induced gauge fields 29, 30 . This theory was the first to predict a space-dependent Fermi velocity, that has been experimentally confirmed 31 . It has been recently shown 32 that this approach can be extended beyond the continuum limit by using discrete differential geometry. The effective theory in curve spaces has also fostered interesting research in materials other than graphene 33, 34 .
The current theoretical status 17, 18 is that there is no unified approach that combines elasticity theory with the continuum limit of the corresponding tight-binding approximation 16 and the quantum field theory in curved geometry (or geometrical approach) 29, 30 . Symmetry arguments 17 indicate that there is room for improving both approaches. With this motivation our study focuses on further developing the geometric approach.
In this paper we advance the quantum field theory approach put forward in the seminal works of Vozmediano and collaborators 29, 30 , that addressed a case with a simple geometry, namely, a Gaussian bump deformation. We derive a general expression for the pseudo-magnetic field for an arbitrary nonuniform graphene surface deformation. By restricting our analysis to the case of out-ofplane lattice deformations, we are able to express the pseudo-magnetic field in a simple analytical form. This result reveals a remarkable relation between the pseudomagnetic field and the Riemann curvature.
We further generalize these findings for the realistic case that combines in-plane and out-of-plane deformations by incorporating elements of elasticity theory 35 . Here it is still possible to solve the problem and we can numerically verify that the relation between the pseudomagnetic field and the scalar curvature holds. Unfortunately, the expressions for the gauge field induced by an arbitrary strain become very lengthy and not particularly insightful. For this reason, we use the simple Gaussian bump deformation to illustrate our results. This paper is organized as follows. In Sec. II we review the theory of Dirac fermions in flat and curved spaces. In Sec. III we use this formalism to model the wave equation of quasi particles in rippled graphene. Next, we introduce a parameterization for a surface with an arbitrary curvature. By correctly defining the pseudo-magnetic field, we find a connection between the graphene curvature and the induced pseudo-magnetic field. In Sec. IV we discuss the local plane frame associated to a given point in the curved surface that has been used by some authors 36, 37 and show that the identification of the gauge field in this position-dependent frame leads to an incorrect asarXiv:1511.08639v1 [cond-mat.mes-hall] 27 Nov 2015 sessment of the pseudo-magnetic field. We present our conclusions in Sec. V.
II. DIRAC EQUATION IN CURVED SPACE
In this Section we briefly review the formalism of the Dirac equation in flat and curved spacetimes, paying particular attention to the technical issues most directly related to our study.
The flat spacetime points are denoted by X = (T, X) whose components have flat indices denoted by the greek letters {α, β, δ, ...}. The Dirac equation in the flat Minkowski spacetime is written as
where γ α are the usual Dirac matrices and ∂ α = ∂/∂X α . Since we work with differentiable functions the derivatives do commute, [∂ α , ∂ β ] = 0.
In the presence of a gravitational field, Eq. (1) needs to be modified to account for a spacetime structure. In this case, the curved spacetime points are denoted by χ whose curved components we designate by the greek letters {µ, ν, κ, ...}. The standard procedure for tensor (bosonic) fields is to realize the minimal coupling of the field with gravity by substituting the Minkowski spacetime metric tensor η αβ by the general Riemannian metric g µν and by the replacing of the usual derivative ∂ α by the covariant derivative ∇ µ . For spinorial (fermionic) fields this procedure is inadequate, due to the lack of a spinorial covariant derivative in terms of the metric. To correctly account for the coupling of the spinor with the curved spacetime one uses the vierbeins formalism 26, 27 . The equivalence principle, that is the basis of the geometric theory of gravitation, states that one can not locally distinguish between a real gravitational field and the effects caused by a non-inertial reference frame 38 . This implies that in the neighborhood X of any given point χ p in curved spacetime, one can find a local reference frame {ξ a X } such that all the effects of gravity vanish. This local-flat space has the Minkowski metric η ab and the distance between infinitesimally close points is ds 2 = η ab dξ a X dξ b X . Near the point χ p the same distance, given in terms of the curved coordinates, is ds 2 = g µν dχ µ dχ ν . By comparing these expressions and considering that ξ a X are local functions of χ p , one concludes that
where e a µ (χ p ) are the so-called vierbeins, defined as
The inverse vierbeins read e 
.).
The vierbeins are operators that transform quantities in the global-curved space to their corresponding localflat counterparts. For example, one can find the curved version of the Dirac matrices, γ µ , by contracting the flat gamma matrices γ a with the vierbeins, namely
It can be verified that these matrices satisfy the generalized Clifford algebra in the curved spacetime {γ µ , γ ν } = 2g
µν . Also, the covariant derivative ∇ µ of a spinorial field can now be properly defined as
where Ω µ is the so called spin connection, defined by
with
The covariant derivatives of the vierbeins read ∇ µ e νa = ∂ µ e νa − Γ 
The covariant derivative, given by Eq. (5), allows one to interpret Ω µ as an effective gauge field induced by the space curvature 29, 30 . The analysis of the pseudomagnetic fields associated to Ω µ is the main focus of this study.
We note that the space dependence of γ µ gives rise to another important effect 29, 30 , namely, the renormalization of the electron velocity, called Fermi velocity v F in the graphene literature. Our analysis reproduces the same effects showed Refs. 29 and 30 for the spacial dependence of v F .
In summary, by knowing all the geometric objects associated to a given spacetime, one can establish the influence of the space curvature on the dynamics of the particles in that space. In the following Section we describe how to find the general geometric properties of an arbitrary curved graphene sheet. We then identify and discuss the correct pseudo-magnetic field generated by the corrugations.
III. APPLICATION TO CURVED GRAPHENE
We now adapt the results of Sec. II to describe the dynamics of electrons in rippled graphene by coupling a quenched curved background to the quasi-particle wave function. The procedure we present follows the ideas put forward by Vozmediano and collaborators 29 and generalizes their results to arbitrary sheet profiles. To that end, we have found a way to properly treat the gauge invariance associated to arbitrary curved spaces. This allowed us to identify a remarkable relation between the pseudomagnetic field and the Riemann curvature. This relation implies that our results are manifestly gauge invariant, in distinction to previous studies.
Following the outline presented in Sec II, we describe the dynamics of electrons constrained to propagate in a two-dimensional curved surface by finding the metric, the vierbeins, the affine connection, and the spin connection associated to it.
A. Out-of-plane deformations
The geometry of a rippled two-dimensional surface can be parametrized by the function z = h(x, y), where h represents the out of plane deviation from the flat surface z = 0. In the notation introduced in the previous section, h(χ) is the surface height at the position χ = (x, y). Since the coordinates (x, y) parameterize the curved surface, in general the intersection of the plane defined by a constant x (or y) with the surface h(x, y) is not a straight line. Further, these curvilinear coordinates do not need to be orthogonal on the surface.
The square distance between two infinitesimally close points on the curved surface is given by
We write Eq. (9) as ds 2 = g µν dχ µ dχ ν . For notation convenience, to establish a clear difference between curved and flat indices, we call (χ x , χ y ) curved coordinates, whose "curved" indices are denoted by µ = {x, y}. In terms of the curved coordinates the metric on the manifold reads
where we introduce the shorthand notation h µ = ∂ µ h. It is convenient, for later use, to write g µν in a compact form as
As already discussed, locally at each point χ of the curved surface, the manifold can be seen as flat, and there exits a local coordinate system such that in a small region X , near the point χ, the metric is Euclidean. We denote this local flat coordinates by ξ a X = ξ a X (χ), with "local-flat" indices a = {1, 2}. In terms of the local-flat coordinates, the square distance between two points is given by ds
Comparing this expression with ds 2 = g µν dχ µ dχ ν defined above, we find the relation between both metrics, namely
Due to the symmetry g µν = g νµ , Eq. (12) gives three independent relations to find the vectors e . In this way, except for a single degree of freedom, the vierbeins are determined by the metric. It will be shown that this indetermination does not manifest in physical observables. By simple algebraic manipulation we obtain a general solution for the vierbeins, namely
where θ = θ(x, y) is an arbitrary function related to the orientation of the local-flat coordinate axis at the point χ = (x, y). In Eq. (13) we also introducedθ, given bȳ
Let us now calculate the inverse vierbeins, e µ a = g µν δ ab e b ν . From Eq. (10) we obtain the inverse metric
or
where we have introduced the dual h * µ = ε µν h ν , being ε µν the Levi-Civita tensor in two dimensions, i.e., ε 12 = −ε 21 = 1 and ε 11 = ε 22 = 0. By using Eqs. (13) and (15) we calculate the inverse vierbeins
Having defined the metric tensor and the vierbeins, we proceed to calculate the spin connection that relates the wave function of the Dirac field with the curved space geometry. First, we determine the vierbeins covariant derivatives which are expressed in terms of the affine connection. The affine connections coincide with the Christoffel's symbols in the case where the spacetime has a curvature but not a torsion 39 . Effects of torsion have been studied in the context of topological defects 40 , which are not within the scope of this paper. Hence,
By using Eqs. (11) and (16) we express the affine connection in terms of h, namely
where h µν = ∂ 2 µν h. Before we obtain the spin connection, it is instructive to present the curvature tensors associated to the surface. The Riemann curvature tensor is given by (20) while the scalar curvature of the surface reads
Hence, for the two-dimensional graphene surface with out-of-plane deformations the scalar curvature reads
Let us now resume the calculation of the spin connection Ω µ of the Dirac field for a general two-dimensional curved surface, defined by Eq. (6) in terms of the components ω µab 26 , given by Eq. (7). Due to the antisymmetry of the ω µab in its flat indices, the only non-zero component is ω µ12 . One can identify the later with the effective gauge field induced by the curvature, and call A µ = ω µ12 29 . After some algebra, we obtain that, for a general twodimensional curved surface described by the function h = h(x, y), the effective gauge field is given by
The arbitrary angle θ = θ(x, y) enters as a total derivative in the gauge field A µ and therefore does not affect the pseudo-magnetic field B = rotA, associated to A µ . Arbitrary independent rotations of the local-flat frames along the curved surface, do not change the pseudo-magnetic field and translate as the gauge transformations of the field A µ . The formal definition of the curl operator in nonorthogonal curvilinear coordinates is
where g = det(g µν ) and ε µν is the Levi-Civita symbol. By using the metric from Eq. (10) and the gauge field obtained in Eq. (23), we find that
In two spacial dimensions the electromagnetic tensor becomes an anti-symmetric tensor of order three. This ensures that in two-dimensions the electric field is a vector, but the magnetic field has a single (scalar) component, perpendicular to the local-flat space associate to a given point in the deformed surface. Hence, based on invariance arguments, one can expect B to be an arbitrary function of the scalar curvature, namely, B = F (R). A direct comparison between Eqs. (25) and (22) shows that the effective pseudo-magnetic field induced by ripples in graphene (in arbitrary units) is identical to the scalar curvature at each point of the surface
The construction that leads to Eq. (25) and the above identity are the main findings of this paper. We note that Eq. (25) generalizes the results presented in Ref. 30 , where the case of a radial symmetric h(x, y) = f (r) was studied. For this simple geometry, the surface is conveniently parameterized by polar coordinates (r, φ). Here, our general expression for A µ , Eq. (23), reduces to the one found in Ref. 30 . Using Eq. (25), we find B = 2 r f f
In distinction to our approach, Ref. 30 obtains a pseudomagnetic field in the z-direction (perpendicular to the undeformed graphene sheet). There, the pseudo-magnetic field is defined by B z = (1/r)∂ r (rA φ ), which gives
The discrepancy is due to the fact that Ref. 30 calculates B z using the curl operator in flat polar coordinates while A φ is expressed in curved coordinates. Since the normal to the graphene surface is
1/2 , our pseudo-magnetic field projected in the z-direction is B/(1+f 2 ) 1/2 . Hence, the results are not consistent.
This difference prevents one to identify the pseudomagnetic field with the scalar curvature, but is unlikely to impact on the analysis of experiments, where the value of rms(f ) is typically smaller than 0.1 24, 41, 42 .
B. The general case: in-plane and out-of-plane deformations
Here we analyze the general case of out-of-plane combined with in-place deformations. Now the infinitesimal distance between points at the corrugated surface is ds 2 = g µν dχ µ dχ ν , where the metric is expressed as
in terms of the deformation tensor, defined by the inplane displacement vectors u µ = u µ (x, y) and by the outof-plane deformations h(x, y) as follows
Equations (28) and (29) are identical to those used in elasticity theory 35 . This similarity will be explored in the next section to obtain material dependent expressions for the displacement vector components u µ (x, y) in terms of the sheet topography h(x, y).
Having defined the metric of the two-dimensional graphene surface we can proceed as before. The derivation has the same structure, the differences appear in the explicit expressions for the vierbeins, which are modified by the new physical ingredients. The general metric is
The solutions for the vierbeins read
It can be checked that they satisfy g µν = δ ab e a µ e b ν . As before, in Eq. (31), the variable θ = θ(x, y) is an arbitrary angle related to the freedom of the orientation axes of local flat frames at point χ. Here we definē
To calculate the inverse vierbeins e µ a = g µν δ ab e b ν , we need the inverse metric, namely
As a result, the inverse vierbeins are
Given u and h, these elements allow us to evaluate the effective pseudo-magnetic field, B, generated by a combinations of out-of-plane and in-plane corrugations in graphene. However, in distinction to the out-of-plane case, the problem does not have a simple analytical solution. We still verify that B = R for a number of different models for strains and corrugations. In the forthcoming section we illustrate our results by analysing the case of a simple geometry h(x, y).
C. Application: Gaussian deformation in graphene
To construct the deformation tensor u νν , Eq. (29), it is necessary to know both h(x, y) and the displacement vector fields u ν (x, y). The elasticity theory allows one to relate these quantities, as follows. We consider the simplified scenario where we neglect shear forces between the substrate and the two-dimensional material under analysis. We follow the procedure suggested by Guinea and collaborators 16 , namely, we assume that the system has a given system topography h(x, y) and minimize the elastic energy by varying the in-plane degrees of freedom to obtain u(x, y).
The Hamiltonian corresponding to the elastic degrees of freedom reads
where µ and λ are the Lamé parameters of the material, which can be inferred from experiments and/or from first principle calculations. In this paper we use the parameter values proposed in Ref. 43 , namely, µ = 103.89 J/m 2 and λ = 15.55 J/m 2 . This construction adds important elements to the purely geometric theory developed in Sec. III A. Here, one needs the material parameters to establish a link between the in-plane displacements u ν and the topography h. We stress that this procedure is still a geometric approach, since it incorporates u ν in the metric. This is different from the standard tight-binding theory, where the metric is entirely absent.
Let us now calculate the in-plane displacement u(x, y) for the case of Gaussian deformation, namely, h(r) = h 0 exp(−r 2 /σ 2 ). This simple geometry allows for an analytical solution. The minimization of H elastic renders a set of differential equations that are solved in the momentum space 16 . The result is
which, in configuration space, reads
The vector field representing the in-plane displacements u(x, y) is shown in Fig. 2 . The in-plane displacement u changes the strain tensor u νν , the metric, and consequently the local pseudomagnetic field B relax . Unfortunately, even for a topography as simple as that of a Gaussian bump, the analytical expression for B relax becomes rather lengthy and is not particularly insightful. Hence, we evaluate B relax numerically, following the steps described in Sec. III B. The physical picture that emerges is that the in-plane relaxation reduces the mechanical stress, diminishing the magnitude of the pseudo-magnetic field, as shown in Fig. 3 . We find that the in-plane relaxation corrections to B are small for ripples usually found in graphene deposited on standard substrates, where h 0 σ 41, 42 . They become significative in situations where h 0 is comparable with σ, such as in the case of nanobubbles 20 . In Fig. 4 we plot a measure of the in-plane deformation contribution to the pseudo-magnetic field, namely,
B [T]
as a function of h 0 /σ. 
IV. GAUGE INVARIANCE AND THE LOCAL PLANE APPROXIMATION
In the previous sections we have studied the influence of a modified metric on the Dirac Hamiltonian. So far, despite some elaborate efforts 36, 44 , a unified picture conciliating this quantum field theory approach with the standard band structure theory has not been established. In this section we discuss some fundamental problems in constructing a bridge between these two approaches. From the practical point of view, as stressed in Ref. 36 , while the geometric theory predicts a renormalization of the Fermi velocity, the elasticity approach does not. This issue was addressed in Ref. 36 , where the authors analyze the local-flat Dirac equation starting from the globalcurved one, namely
where γ µ are the curved Dirac matrices γ µ = γ a e µ a . One can define the derivative with respect to the local-flat tangent space coordinates as
The spin connection is given by Ω µ = ω µ12 Σ 12 with
. By using the representation of the Dirac matrices for graphene 
where A a has been associated 36 with a gauge potential defined by
which originates the pseudo-magnetic field. Despite being very appealing, this construction of a Dirac equation with a gauge potential in flat-tangent space, is problematic. First, the gauge potential A a does not lead to a gauge invariant B-field..This statement is justified as follows: Let us assume we rotate the local-flat tangent space coordinates {ξ a X }, defined at every point of the surface χ(x, y), by an angle δθ(x, y). The curved gauge potential A µ of Eq. (23) and the local-flat potential A a transform as
One can see that these local rotations constitute a gauge transformation for the curved potential A µ and therefore the corresponding pseudo-magnetic field is gauge invariant. Gauge invariance is not preserved for A a , since in the local-flat tangent space the pseudo-magnetic field given by B = ε ab ∂ a A b depends explicitly on δθ. Secondly, the local-tangent space derivative ∂ a , Eq. (42), is not a standard derivative, since the commutator [∂ a , ∂ b ] does not vanish, in general. We can show that
being the non-holonomicity coefficients, t 
Due to this unphysical gauge dependence, the obtained pseudo-magnetic field is not unique.
V. CONCLUSIONS
In this paper we generalized the quantum field theory approach used to describe the low-energy electronic dynamics in rippled graphene. By considering a general two-dimensional curved graphene surface, we have properly identified the gauge transformations in that curved space. This lead us to define the effective gauge potential induced by the curvatures and to find an explicitly gauge invariant pseudo-magnetic field. We have found an equivalence between the pseudo-magnetic field induced by the ripples and the intrinsic scalar curvature of the general curved graphene surface. This remarkable relation, namely, B = R, has been overlooked so far and constitutes the main contribution of this paper.
We have extended these results to the realistic case where both out-of-plane and in-plane deformations are considered. We find that this generalization preserves the equivalence between the pseudo-magnetic field and the intrinsic scalar curvature. As an application, we have analyzed the specific case of a Gaussian bump deformation. We used the elasticity theory to write the deformation energy in terms of the strain tensor and few elastic material parameters. Following a minimization procedure 16 , we found an analytical relation between the displacement field the system topography for a simple geometry. We analyzed the magnitude of the in-plane contributions to the pseudo-magnetic field. We found that since the pseudo-magnetic field is exactly the surface scalar curvature, it will be modified by in-plane deformations, this is because these strains are not homogeneous nor uniform in space.
We have also discussed the local-flat tangent space approximation used in the literature to identify the effective gauge field induced in deformed graphene. We conclude that the identification of a Dirac equation in that position-dependent tangent space is problematic, since it can lead to unphysical gauge dependent results.
